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We point out the relationship between normal spreads and the linear k-blocking sets
introduced in [9]. We give a characterisation of linear k-blocking sets proving that the
projections and the embeddings of a PG(kt,q) in PG(r —1,q") are linear k-blocking sets
of PG(r—1,¢"). Finally, we construct some new examples.

1. Introduction

Denote by k a positive integer. A k—blocking set in the finite projective space
PG(r—1,s), r>k+2, is a set B of points such that any (r—k—1)-dimensional
subspace contains a point of B and no k-dimensional subspace is contained in
B. When k=r—2, we simply say that B is a blocking set. If for each point x of
B the set B\{z} is not a k-blocking set (i.e., if there is a (r—k—1)-dimensional
subspace of PG(r—1,s) intersecting B in exactly the point z), we say that
B is minimal. Tt is proved in [2] that |B| > s 4+ st ... 4 s+ 14551 /5.
The smallest k-blocking sets in PG(r —1,s), s> 2, are the cones B(U, By)
with vertex a (k—2)-dimensional subspace U of PG(r—1,s), and with base
a blocking set By of the smallest possible size in a plane E of PG(r—1,s)
disjoint from U (see [6]). If s = ¢2, then By = Ey is a Baer-subplane of E
and B(U, Ey) has size s®+s" 14+ 454+ 1+5*71\/s (see [2] Lemma 4). We
remark that all the abovementioned k-blocking sets are blocking sets of a
(k+1)-dimensional subspace and they contain (k—1)-dimensional subspaces.

Mathematics Subject Classification (2000): 51E20; 51E21, 51E22
* Partially supported by Italian M.U.R.S.T.

0209-9683/101/%6.00 (©2001 Jdnos Bolyai Mathematical Society



572 GUGLIELMO LUNARDON

A minimal blocking set B of PG(2,s) has order |B|=s+ N >s+|BNl|
5+3

where [ is a line of the plane. If N < 52, we call B a small minimal
blocking set. If there is a line | contaning exactly N points of B, we call [
a Rédei line and B is said to be a Rédei minimal blocking set. The reader
can see [13] for a detailed exposition of the topic. Examples of minimal
blocking sets of PG(2,s) (s=¢') can be constructed in the following way.
Let f:GF(s)—GF(s) be a GF(q)-linear map. The set By =RU Dg, where
R={(a,f(a),1)|ac GF(s)} and Dr={(a, f(a),0)|ac GF(s)}, is a Rédei
minimal blocking set of PG(2,s) containing ¢' + N points (see [3] or [13]).

Let B = RUDpg be a Rédei minimal blocking set of PG(2,s)(s = p",
p prime) where R contains exactly s points of the affine plane AG(2,s)
obtained from PG(2,s) fixing a Rédei line [ as line at infinity, and Dp is the
set of directions determined by the set R. We can suppose that the affine
point (0,0) belongs to R. Let e be the largest integer such that each line
with slope in Dg meets R in a number of points which is a multiple of p€. If
either p©>3 or p°=3 and N =p"/3+1, then there is a GF(p°)-linear map
[:GF(s)—GF(s) such that B=DBy (see [1]).

A new class of k-blocking sets, called linear, has been introduced in [9]
using normal spreads of projective finite spaces, proving that By is always
a linear blocking set, and a class of examples of non-Rédei small minimal
linear blocking sets of PG(2,q") has been constructed in [11].

The aim of this paper is to point out the relationship between normal
spreads and linear k-blocking sets. We prove that a k-blocking set of minimal
size is linear when s is a square. Using the characterisation of linear k-
blocking sets obtained in Section 4, we can prove that all the projections
and all the embeddings of PG(kt,q) in PG(r—1,q¢") (r>k+2, kt >r—1)
are linear k-blocking sets of PG(r —1,¢"). Finally, we construct some new
examples.

2. Normal spreads

Let PG(V,F) be the projective space defined by the lattice of the vector
subspaces of the vector space V over the field F. Denote by the same symbol
both a vector subspace of V' and the element of PG(V, F') defined by it. We
say that an element 7" of PG(V,F) has rank t and dimension t—1 if T
has dimension ¢ as a vector space over F. If V has finite dimension n over
F=GF(q), we write PG(n—1,q) instead of PG(V, F).

Let 2* be a projective space. A subset X of points of X* is a subgeometry
of X* if there is a set L of subsets of Y with the following properties:

(1) each element of £ is contained in a line of X*;
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(2) (X, L) is a projective space;

(3) if a line [ of X* contains two points of X, then INX € L;

(4) no line of X* belongs to L.

Let ¥ = PG(V,GF(q)) = PG(n —1,q) be a subgeometry of X* =
PG(V*,GF(¢")) = PG(n—1,q"). We say that X is a canonical subgeom-
etry of X* when V*=GF(¢")®@V.

Let X be a canonical subgeometry of X*. For each subspace S* of X* the
set S=5*NXY is a subspace of X~ whose rank is at most equal to the rank of
S*. We say that a subspace S of X* is a subspace of X whenever S and S*
have the same rank. If ¢ is a semilinear collineation of X* of order ¢ fixing
pointwise X', then S* is a subspace of X if and only if S* is fixed by o.

Let Vi,V5 be finite dimensional vector spaces over the field F, of di-
mension ¢ and r respectively. The vector space V =1V ® V5 has dimension
rt. Let ¥ = PG(V,F) = PG(rt —1,F). A Segre variety of type (t,r) is
the set S, = {a1 ®az | a; € V;\ {0}(¢ = 1,2)}. For each non-zero vector
a; € V; (i=1,2) the vector subspaces (a1) ® Vo and Vi ® (ag) define respec-
tively a subspace of rank r and a subspace of rank ¢ of PG(rt—1,q). Let
R={V1®(a2) | ag € Va;a3 #0} and R* = {(a1) ® Va | a1 € Vi;a1 #0}. It is
easy to prove that each point of S;, belongs to exactly one element of R
and one element of R*. We call R a (t—1)-regulus of PG(rt—1,F) and R*
the set of the transversal subspaces of R. If A is an element of R* and B
is a k-dimensional subspace of A, then for each X of R the set of points
Xp={YNX|YeR,YNA€cB} is a k-dimensional subspace of X.

If Ag,Aq,---, A, are r+1 subspaces PG(rt—1,q) of dimension ¢ —1 such
that each r of them span PG(rt—1,q), then there is a unique (t—1)-regulus
containing Ag, Ay, -+, Ay

The reader can see e.g. [5] for more details on Segre varieties.

A (t—1)-spread (t>1) of a projective space PG(n—1,q) is a family S of
mutually disjoint subspaces of rank ¢ such that each point of PG(n—1,q)
belongs to an element of S. It has been proved by Segre [12] that (¢ —1)-
spreads of PG(n—1,q) exist if and only if n=rt.

Let 7>2. A (t—1)-spread S is said to be normal if it induces a spread in
any subspace generated by two elements of S (i.e., if T = (A, B) with A,B
in S, then an element of S is either disjoint from 7" or contained in T')'.

Let ¥ = PG(rt —1,q) be a canonical subgeometry of X* = PG(rt —
1,¢") (t>1) and let o be a semilinear collineation of X* of order ¢ which
fixes X pointwise. There is a subspace I = PG(r —1,¢") disjoint from X
such that X* is spanned by II, II7, ... e and, for each point x of II,
L(z)=(z°"|i=0,1,2,...,t — 1) is a subspace of ¥ of rank ¢. Then it is easy

! This spreads are called geometric in [12].
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to prove that S = {L(x) |z € IT} is a (t — 1)-spread of PG(rt—1,q) (see,
e.g, [12]). If m is a line of II, then S,, = {L(z) |x € m} is a (¢t —1)-spread
of the subspace T,,, = (m,m?,.. .,m"tﬂ} of rank 2¢t. The (t—1)-spread S has
the following property: if a subspace T of rank 2¢ of PG(rt—1,q) contains
two elements of S, then there is a line m of II such that T'=1T,,. Therefore,
when 7>2, § is a normal spread of X, and by [12] all normal spreads of ¥
can be constructed in this way:.

A subset 7 of IT = PG(r—1,q") is a canonical subgeometry of IT if and
only if R={L(z)|x € n} is a (t—1)-regulus of X' (see [12] or [7] Lemma
25.6.8).

Let £ be the set of all the subspaces of PG(rt—1,q) of rank 2¢ joining
two elements of S. Let P(S) be the incidence structure, whose points and
lines are respectively the elements of S and the elements of £, and whose
incidence is the usual one of PG(rt —1,q). Then P(S) is isomorphic to
II = PG(r—1,¢") via the isomorphism « defined by z+ L(x) and m+— T,
as remarked by R.C. Bose (see [4] or [12]).

Next we give a different construction for normal spreads.

Let V be an r-dimensional vector space over GF(q'), and let IT = PG(r—
1,¢")=PG(V,GF(q")). Regarding V as a vector space of dimension rt over
GF(q), each point = of PG(r —1,q¢") defines a (¢t —1)-dimensional subspace
P(z) of the projective space PG(V,GF(q)) = PG(rt—1,q), and each line [
of PG(r—1,q") defines a (2t—1)-dimensional subspace P(l) of PG(rt—1,q).

Let S be the set of all the (¢—1)-dimensional subspaces P(z) where x is a
point of PG(r—1,q"). Then S is a (t—1)-spread of PG(rt—1,q). Moreover, if
U is a (2t—1)-dimensional subspace of PG(rt—1,q) containing two elements
of S, then a (t—1)-spread is induced by S in U, i.e. U= P(l) for some line [
of PG(r—1,q"). This implies that S is a normal (¢ —1)-spread.

For each \ in GF(¢'), let 7 be the collineation of IT = PG(r—1,q") defined
by the linear map of V' to itself which maps v +— Av for all vectors v of V.
Note that 7 fixes all the points of II. Also G ={7\: A€ GF(q")} defines a
subgroup of PGL(rt,q) of order (¢! —1)/(q—1), which fixes all the elements
P(z) of S and acts sharply transitively on the points of P(x). Moreover,
IT is isomorphic to P(S) via the isomorphism P defined by = +— P(x) and
1 P().

3. Linear k-blocking sets

Let S be a normal spread of ¥ = PG(rt—1,q),(t > 1) and let P(S) ~
PG(r—1,¢") be the (r—1)-dimensional projective space constructed using S.
We recall that a (h—1)-dimensional subspace X of PG(r—1,q") is represented
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in P(S) by a (ht —1)-subspace Tx of X' such that Sx ={L(x)|z€ X} is a
spread of T'x.

Theorem 1. Let k be a positive integer such that r>k-+1, and let L be a
kt-dimensional subspace of Y. Define

B,={AeS|ANL#0p

If L is not contained in Ty for all k-dimensional subspaces Y of PG(r—1,q"),
then By, is a k-blocking set of P(S)~PG(r—1,q").

Proof. If X is a (r —k — 1)- dimensional subspace of PG(r —1,¢"), then
Tx intersects L, i.e. there is an element of Sy in Br. Hence all (r—k—1)-
dimensional subspaces contain an element of By,.

Let Y be a k-dimensional subspace of PG(r —1,q") and let Sy be the
spread of Ty induced by S. Then Sy is contained in By, if and only if either
L is contained in Ty and all elements of Sy intersect L or LNTy # L and L
has at least a point in common with each element of Sy . If LNTy is different
from L, then LNTy has dimension at most kt —1, and |[LNTy| < q:;t__ll. As
gt +1) _q gFt—1

qt_l q_l 9

not all elements of Sy intersect L. |

Sy has order

In the hypotheses of Theorem 1, we call By a linear k-blocking set of
PG(r—1,q").

We remark that the subspace L is not uniquely defined by B because
Br, = By with M = L7 for each element 7 of the group G. Thus, for each
element A of By, the subspaces LN A and M N A have the same dimension
for all 7in G. In particular, if LN A is a point for some element of By, then
there are <§__—11 subspaces of dimension kt defining the same linear k-blocking
set. If each element of By, intersects L in a point, then P={L" |7 € G} is
a partial spread because each point of an element of 3 belongs to exactly
one of the subspaces L7.

If [ is a line of L and X and Y are two elements of 5, incident with a
point of [, then R={Z € B | ZNl is a point} is a (t—1)-regulus of the spread
induced by S on the (2t—1)-dimensional subspace (X,Y’), whose transversals
are the lines [” for 7 in G.

Corollary 1. For k=r—2, the blocking set B, of PG(r—1,q") is minimal.

Proof. If By, is not minimal, there is an element A= L(z) of By, such that for
each line m of IT=PG(r—1,q") incident with x the subspace T}, intersects
an element B, of By, different from A. Let a be a fixed point of ANL. If b,,
is a point of By, let I, =(a,b,,) be the line of L joining a and b,,. If m’ #£m,
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then [, and [, are distinct because A is the intersection of T,, and T, .

Thus we have £ = 1_1 lines l,,. As L has dimension (r—2)¢, the number of

. . . gt(r—2)_ gtr—1_
the lines of L incident with a point is < s L g ) L Hence we have a

contradiction. ]

Corollary 2 ([9] Theorem 10). For each GF(q)-linear function f from
GF(¢") to itself, the Rédei blocking set By of PG(2,q") is linear. |

It has been proved in [11] that there are linear blocking sets of PG(2,q"),
t >3, which are not of Rédei type.

Corollary 3. Denote by B(U, By) the cone of PG(r—1,q") with vertex the
(k — 2)-dimensional subspace U of PG(r—1,q"), t > 1, and base a blocking
set By in a plane E of PG(r—1,q") disjoint from U. If By is a linear blocking
set of the plane E then B(U, By) is a linear k-blocking set of PG(r —1,q").

Proof. Let PG(r —1,q¢') = PG(V,GF(q')) and let S be the GF(q)-linear
representation of PG(r—1,¢') in PG(V,GF(q))=PG(tr—1,q). Then U and
E define respectivelly a (tk—t—1)-dimensional subspace Ty and a (3t —1)-
dimensional subspace T of PG(tr—1,q).

If By is a linear blocking set of F/, then there is a t-dimensional subspace A
of Ty such that By={x|L(x)NA#0}. Let L be the subspace of PG(tr—1,q)
joining Ty and A. As U and F are disjoint, the subspaces Ty and A are skew.
Then L has dimension tk and B(U, By)=Br. 1

Let Ey be a Baer subplane of E = PG(2,¢%). As Ey is a Rédei blocking
set of E=PG(2,¢%), Ey is a linear blocking set of E by [1] and Corollary 2.
Hence, B(U, Ep) is a linear k-blocking set of PG(r —1,¢%).

4. Characterisation of linear k-blocking sets

Let S be a normal spread of ¥'= PG(rt—1,q). Suppose that ¥'= PG(rt—1,q)
is a canonical subgeometry of X* = PG(rt —1,q¢"), and o is the semilinear
collineation of ¥* which fixes ¥ pointwise. Let I = PG(r —1,q¢') be a
subspace disjoint from X such that 2™ is spanned by II, 117, .. JI1°7 and
S={L(z) |z € II}. If I = PG(V,GF(q")), then we can suppose X* =
{(x1,23,...,2¢" )| @1, 29,...,2, €V}, and X ={(z,2° 27" Y |zeV).
Suppose r>k+2. Let L be a kt-dimensional subspace of 2} which is not
contained in Ty for all k-dimensional subspaces Y of IT = PG(r—1,q'), i.e.
By is a linear k-blocking set. Denote by By, the set of all the points = of IT
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such that L(z) belongs to By. By the isomorphism « between IT and P(S)
defined in §2, By, is a k-blocking set of II, which is also called linear. Note
that a(BL) =B.

Theorem 2. Let r>k+2. There is a kt-dimensional subspace L of X which
is not contained in Ty for all k-dimensional subspaces Y of IT = PG(r—1,q")
if and only if there is a subset W of V, which is a (kt+1)-dimensional vector
space over GF(q), such that:

(a) a point of IT belongs to By, if and only if it is defined by a vector of
W7

(b) W is not contained in any GF(q")-vector subspace of V' of dimension

k+1 over GF(q).
Proof. Let W={zeV |(z,2°,...,2°" )€ L}. If x and y belong to W and A
is in GF(q) then both x4y and Az belong to W. This is equivalent to saying
that W is a (kt+ 1)-dimensional vector space over GF'(q). Therefore L is a
kt-dimensional subspace of X if and only if there is a GF(q)-vector subspace
W of V of dimension kt+ 1 such that L={(z,z%,...,2° )|z W}.

By definition a point y of IT belongs to By, if and only if L(y) belongs to
By if and only if (z,2%,...,2° ') € L with z = py for some p e GF(q') and
x €W if and only if the point y of IT is defined by a vector of W.

Moreover W is contained in a GF(q')-vector space of V of dimension
k-+1 over GF(q') if and only if By, is contained in a k-dimensional subspace
Y of I if and only if L is contained in Ty . ]

In the hypothesis of Theorem 2, a point of By, can be defined by different
vectors of W. In particular if IT = PG(2,q") is a plane, then a linear blocking
set of IT is defined by a (t+1)-dimensional GF(q)-vector space of V.

Corollary 4. A canonical subgeometry of PG(kt,q') is a linear k-blocking
set. If r=Fkt+1, then a linear k-blocking set B of PG(r—1,q") is a canonical
subgeometry if and only if (B)=PG(r—1,q").

Proof. If X = PG(W,GF(q)) is a canonical subgeometry of PG (kt,q') =
PG(V,GF(q")) then X is a linear k-blocking set by Theorem 2.

If B is a linear k-blocking set of PG (kt,q"), let W be the GF(q)- vector
space of dimension kt 4+ 1 associated with B. As W has dimension kt + 1
and (B) = PG(kt,q") a basis of W is also a basis of V, i.e. B is a canonical
subgeometry of PG(kt,q'). |



578 GUGLIELMO LUNARDON

5. Projections and embeddings

Let ¥ = PG(m,q) be a canonical subgeometry of * = PG(m,q'). Suppose
there is a (m — r)-dimensional subspace A* of X* disjoint from Y. Let A
be an (r — 1)-dimensional subspace of X* disjoint from A*, and let I" =
{z is a point of A|Jye X :x= (A" y)NA} be the projection of ¥ from
A* to A= PG(r—1,q"). If each line of X is disjoint from A*, we call I" an
embedding of PG(m,q) in A. Let p 4 5; be the map from X on I" defined
by x+— (A*,2)N A for each point x of X.

Lemma 1. The map pa« 4 x is a bijection if and only if I' is an embedding
of ¥=PG(m,q) in A. No proper subspace of A contains I

Proof. By defintion ps+ 4 x is surjective. If z and y are distinct points of X,
then pa+ 4 w(x) =pa- 4 x(y) =z if and only if the subspace (A*,z) contains
x and y. This is equivalent to say that the line joining x and y intersects A*.

If I' is contained in a hyperplane H of A, then X' is contained in the
hyperplane (A*, H) of X*. As X' is a canonical subgeometry of X*, this is
impossible. ]

Let X*=PG(V*,GF(q")) and ¥ =PG(V,GF(q)) with V*=GF(¢")®V.
Denote by X and Y the vector subspaces of V* which define respectively A*
and A. Note that dimgp X ©V =(m—r+1)t+m+1 and dimgpy)Y =rt.
Therefore, W=Y N(X@®V) is a GF(q)-subspace of dimension m+1 of Y,
and the points of I" are defined by the vectors of W.

Theorem 3. If I is a projection of PG(m,q) in A=PG(r—1,q¢") (t>1) and
m=kt, with r>k+2,k >0, then I' is a linear k-blocking set of A. When I' is
an embedding of PG (m,q) in A=PG(r—1,q"), I has size ¢*'+¢** 14 4q+1
and does not contain any line of A.

Proof. Any (r — k — 1)-dimensional subspace of A contains a point of I’
because it is defined by a GF(q')-vector subspace of Y of dimension r — k
over GF(q") and W has dimension kt+ 1 over GF(q).

Suppose that a k-subspace M of A is contained in I'. As (A*, M)NX

: . . h+1_ . : . .
is a subspace of X, it contains {—— ! points, where h is the dimension of

A, 12, The number of points of (A*, M)YN X' is greater than or equal to
(A*,m) p g q
> (g )kﬂ 1‘

the number of point of its projection (A*, M)NI"= M; i.e., q_l_l
This implies h >tk because t >1. As the dimension of E is kt and h is the
dimension of a subspace of X, we have a contradiction.

Suppose I be an embedding. As no line of X' intersects A*, I contains
qkt +qkt—1 +---4q+1 points.
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Suppose that a line m of A is contained in I'. Then (A*,m) intersects X
in exactly ¢'+1 points because the map p- 4 x is a bijection. As (A*, m)NY
qh+171

I

is a subspace of X, it contains points where h is the dimension of

(A*,m)yN Y. As the map pa- 4 » from X into I" is a bijection, it must be
qhti =q'+1. As this is impossible, we have a contradiction. Therefore no

line of A is contained in I |

We remark that if all the planes of X are disjoint from A*, then I is a
subgeometry of A and, by [8], all subgeometries of A isomorphic to PG(m,q)
can be constructed in this way. In [10], we have proved that any linear k-
blocking set not contained in a hyperplane is some projection.

We conclude this section with an example of 1-blocking set defined by
an embedding.

Let Y* = PG(t,q"), t>2, and let (xg,2z1,72,--+,7;) be the homogeneous
coordinates of a point of X*. If ¢ is the collineation of X* defined by o :
(w0, 21,22, ,2¢) — (xd, 2,2, ... 2] ), then X = {(a,az,xq,...,xqtil) lae
GF(q),z € GF(q")} is a canonical subgeometry of ¥* fixed pointwise by
o. The point (0,1,0,...,0) of X* cannot be contained in a subspace U of
X of dimension h <t —1 because U? = U implies (0,1,0,...,0)°" € U for
i=0,1,...,t—1 (i.e. U is the hyperplane with equation xzo=0). If A is the
hyperplane of X* of equation x1 = 0, the projection of X' from the point
(0,1,0,...,0) on A is

I'={(a,0,29,...,27 ") | a € GF(q),z € GF(¢")}.

Then I is a 1-blocking set of A=PG(t—1,q") by Theorem 2.

For t = 3 the line mg = 1 = 0 of A = PG(2,¢%) is a Rédei line of I
containing ¢% + ¢+ 1 points of I".

If t >3, then I' is a subgeometry of A = PG(t—1,¢") and a line of A
contains 0, 1 or ¢+ 1 points of I

6. An example of k-blocking set

In this section we always suppose t and k are two positive integers such that
t>3 and r=k(t—1)>3.

Let X = PG(kt—1,q) be a canonical subgeometry of X*= PG (kt—1,q'),
and let o be the semilinear collineation of X* which fixes X pointwise. Let
I = PG(k—1,q") be a subspace disjoint from X such that X* is spanned
by II, II°, ... 17°""" and such that for each point z of IT, L(z)= (2 |i=
0,1,2,...,t—1) is a subspace of X of rank ¢.
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Then no line of X intersects IT = A*. Let A= (IT°" |i=1,2,...,t—1) =
PG(r—1,q¢") and let I' be the projection of X from A* into A. As I is
an embedding of X' = PG(kt—1,q), it contains q:t:ll points and it is not
contained in a hyperplane of A.

Let S be the GF(q)-linear representation of A=PG(Y,GF(q'))=PG(r—
1,¢") in PG(Y,GF(q))=PG(rt—1,q). As the embedding I" is defined by a
GF(q)-vector subspace of Y of dimension kt over GF(q), it defines a (kt—1)-
dimensional subspace M of PG(rt—1,q) such that for each point = of I" the
element P(x) of S intersects M in exactly a point.

Theorem 4. Let u be a fixed point of I', y=P(u)NM and let z be a fixed
point of P(u) different from y. If L is the kt-dimensional subspace joining
M and z, then By, is a k-blocking set of P(S)= PG(r —1,q") which is not
contained in a hyperplane.

If t > 3, then any line of P(S) contains at most ¢*> +q+ 1 elements
of By, i.e. By, does not contain any line of P(S). Moreover, By, has order
qkt+qkt71+'_'+q2+1.

If k=1 and t = 4 then By is a non-Rédei blocking set of the plane
PG(2,¢*) contaning a subgeometry isomorphic to PG(3,q).

Proof. If there is a hyperplane H of A such that B ={z|P(z)eBr}CH,
then I' is contained in H. As this is impossible, By, is not contained in the
hyperplane Sy ={P(z)|z€ H} of P(S).

If By, contains a k-subspace U of A, then I' is contained in U. As I" is an
embedding, this is impossible by Lemma 1. By Theorem 1 we have proved
that By, is a k-blocking set.

Let ¢t > 3. In this case I is a subgeometry of A because no plane of X
intersects II. Therefore a line m of A contains at most ¢+ 1 point of I". If
T, is the GF(g)-linear representation of m, then T,,, N M is at most a line
because each element P(z) of S with z €I have exactly a point in common
with M. As M is a hyperplane of L, we have that LNT}, is at most a plane.
Moreover, |S,;,NBr| < ¢*+q+1. As |S,,| =¢'+1>¢*+q+1, no line is contained
in By.

Let N be a fixed hyperplane of M not incident with the point y € P(u).
If € P(a) (a#u) is a point of N then the plane (z,y,z) of L is contained
in the subspace T, where m is the line of A joining the points u and a. As
P(u) intersects (z,y,z) in the line (y,z) each point of (x,y,z) not in (y,z)
belongs to exactly one element of S,,, i.e. there are exactly ¢>+1 elements of
S, contaning a point of (x,y,z). As I" is a subgeometry, T,, N M is at most
a line and T},, N L= (z,y, 2), i.e. T}, contains exactly ¢>+1 elements of Br.
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If w is a point of N different from = belonging to P(b), the line n=(u,b)
of A intersects m in u. Therefore P(u) is the unique element of By, incident
with a point of (x,y,2) and with a point of (w,y, z).

As we have ¢" 24 ¢* 34 ... 4 ¢4 1 planes of type (x,y,z) where z is a
point of N, the order of By, is ¢ 4+ ¢ 1+ >+ ¢+ 1.

If k=1 and t = 4, then » = 3 and By, is a blocking set of the plane
P(S)=PG(2,¢*) of order ¢*+¢>+¢?+1 such that no line of P(S) contains
¢>+q¢*+1 points of By,. ]

Note that the non-Rédei blocking set of PG(2,¢*) constructed in Theo-
rem 4 is one of the examples construted in [11]. Also, for k=2 and t=3, we
have constructed a blocking set of PG(3,¢%).
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